Units and Conversions
SI units

So these are the typical units, based on length (L), time (T), mass (M), charge (C), temperature (K) etc.  In the CM and EM folders, I pretty much use these units exclusively.  And this is the only real physical unit system I use.  Various quantities’ units are [L = length, T = time, M = mass, C = charge, K = temperature]:
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Consider electric susceptibility in metals.  In SI, it’s defined as: 
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But SI units aren’t the most elegant.  Often we switch to other unit systems, which aren’t actually physical because they artificially equate physically disparate units, but which make the equations less cumbersome.  We can always transform from the unphysical unit system back to the physical SI system.  So let’s look at the various options…

‘Gaussian’ Units
Gaussian units are a physical set of units alternative to SI units.  That’s not what I’m discussing here.  Here I’m talking about the unphysical/fake set of units that we get when we set μ0/4π and 4πε0 equal to 1 (and consequently, c as well).  It results in equations of similar form to those in the Gaussian unit system, sans many factors of c, so I guess that’s why I’m calling it ‘Gaussian units’.  These fake Gaussian units are often used in Electrodynamics and are easier to work with, in my opinion, than real Gaussian units because translating equations from SI to fake Gaussian is simple – don’t have to look anything up on Wikipedia, just set those aforementioned constants to 1 (and it seems you can translate real Gaussian units to fake Gaussian units by setting c to 1) - and switching back, after having calculated some result is pretty benign too –  still don’t have to look anything up on Wikipedia, just multiply the result by those same constants, raised to whatever powers are necessary to make the units come out right.  I’ll switch to these when we do the relativistic formulation of EM, and in many contexts where we do EM outside of the EM folder, like in the Condensed Matter folder.  So first, we’ll work out the consequences of setting these units to 1.  
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and so those quantities in the table above will have their units transformed to:
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So we can see that E and B have the same units, in this system, so do energy and momentum.  So do time and space.  So this seems a natural unit system for special relativity.  So let’s see how things SI units relate to things in Gaussian units, or vice versa, especially with an eye towards seeing how equations transform.  To get something in SI units we just have to multiply the thing in Gaussian units by the appropriate powers of 1 = (4πε0) and 1 = (μ0/4π).  We can work out what these powers must be by demanding that the units, when restored to these factors, matches up with the SI quantity’s units.  Let |thing|units refer to thing’s numerical value in the unit system, and [thing]units refer to its units.
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which confirms |ε0|G = 1/4π.  Consider time,
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Consider space-time volume:
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Let’s do velocity.  
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So we’ll note that velocity in Gaussian units is just a fraction of c.  And in Gaussian units, c itself is just 1.  Momentum,
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Let’s consider F,
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Now look at charge:
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Polarization (density),
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Let’s do current density:
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And magnetization density (M = (1/2)r × J)
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That was predictable.  Also for Electric Field:
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and electric potential:
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And magnetic field,
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Consider the vector potential:
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Now let’s consider the Poynting vector.  
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How about energy?


[image: image20.wmf][

]

[

]

0

0

222

0

0

232

2

(4)

4

41

4

q

p

SIG

SIG

p

qq

p

SIGSI

SI

SIGSI

EEEE

MLCTML

EEMpq

TMLC

EEc

m

pe

p

m

pe

p

æö

=

ç÷

èø

æö

æö

===-

ç÷

ç÷

èø

èø

=


Let’s consider the conductivity,
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Consider electric susceptibility in metals,
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Now I want to look at equations.  The general idea is that we can convert an equation in SI to one in G units by just setting 4πε0 → 1, and u0/4π → 1.  So let’s see.  So the force law comes out like (note position, being a fundamental unit in the Gaussian system, doesn’t change value)
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So that works.  And now consider the Lorentz force law.  We have:
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So that also worked.  Now we’ll take a look at the vector potential equation, with bound current contribution:
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Yep.  Let’s do the energy equation:
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and the Poynting vector law thing,
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Now let’s consider how the electric susceptibility equation transforms in metals.
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What about insulator susceptibility equations?  Let’s consider the polarization, noting χe is a pure number.
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And magnetization,
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Since χm is also unitless.  Conductivity equation,
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Let’s consider Maxwell’s equations (noting charge density translates just like charge does):
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Yep.  And,
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Also worked.  And,
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Good.  So altogether,
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Can work out the common metal-insulator form of ME’s, leaving off the | |G for simplicity.  So apropos the first guy:
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where we make substitution 4πε0 = 1, which seems to be working so far, to translate D to our Gaussian units.  The next guy is simple,
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The third one is:
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where we go through the same steps we used for D to transfer H’s definition to Gaussian units (set μ0/4π = 1).  And the last guy is:
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All of the transformed equations, that we tried, could have been obtained by taking the SI equation and simply setting ε0 = 1/4π, or μ0 = 4π.  One more thing, if we fill in P = χeε0E → χeE/4π.  Then D = E/4π + P = E/4π + χeE/4π = (1+χe)E/4π = εE/4π.  And then use M = χmH → H = B/4π(1+χm) = B/4πμ.  Assuming that these susceptibilities are spatially uniform so that we can pull them outside derivatives, we’d have:
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which would simplify to:
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And if we were to take the Fourier transforms of both sides, then we’d have:
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which we could write as:
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I just wanted to derive that ‘Gaussian’ form for the effective dielectric constant that we sometimes see.  This would also follow from a direct substitution ε0 → 1/4π, as our SI version is:
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At least I think that’s kosher.  Anyway, now let’s consider how one goes backwards.  Say we had worked out an expression for some quantity in these Gaussian units.  How would we convert it to back to the physical SI units?  Consider the force law for instance,
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One possibility is to insert our results for these Gaussian guys in SI units,
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Voila.  But another way, similar in spirit to what we did above, is the following, we just convert all the quantities to their SI equivalents and then tack on powers of 1 = 4πε0 = µ0/4π as necessary to get the proper SI units back (and so don’t need to look anything up in a table per se´).  So say,
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And to make the units work out as required, we need:
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And so again we must have,
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Can do similarly with other equations.
‘Lorentz-Heaviside’ Units 
These are ‘Lorentz-Heaviside’ units, instead of Lorentz-Heaviside units, because these aren’t physical either, but they result in equations similar to those in the physical Lorentz-Heaviside unit system.  These make a slightly different choice for the numerical prefactor, but are otherwise identical to the Gaussian guys:
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and so,
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So we can see that E and B have the same units, in this system, so do energy and momentum.  So do time and space.  So this seems a natural unit system for special relativity.  We can copy over most of our results from before.  We’ll have:
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and,
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And as for the same equations as above,
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Could’ve obtained this by simply setting ε0 → 1.  And now consider the Lorentz force law.  We have:
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And the susceptibility guy,
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So again, couldn’t have gotten this by setting ε0, μ0 → 1, and now let’s look at a ME.
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Works again.  And by same process, we can imagine we’ll have:
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and,
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etc.  And these last two could’ve been obtained by simply setting ε0 → 1.  Anyway, so the LH units and Gaussian units trade 4π’s on the force laws vs. differential equations/susceptibilities so far.  Can relate G to LH, for instance,
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So,
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Natural Units 1

Here we set ℏ = 1.  These are very often used in QM, QFT, Stat Mech, and Condensed Matter.  Alas, I often have some results in SI and some results in N1, all in the same file.  But whenever ℏ is conspicuously absent, then we’re probably using this system.   So we have:
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and then,
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So let’s look at a few quantities and see how they convert.  We’ll do current.
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So since C and L remain fundamental units in N1, there is no conversion factor.  Same thing would be true of the wavefunction,


[image: image65.wmf][

]

[

]

[

]

1

1

2

3/23/2

1

1

11

0

p

p

SINSI

SINSI

p

p

SINSI

SIN

ML

p

LLT

yyyy

yy

yy

=

æö

==

ç÷

èø

=

hh

h


Also, velocity, position, and time don’t change either.  But apropos force, we’d have, presuming some power of ℏ…(let |thing|units refer to thing’s numerical value in the unit system, and [thing]units refer to its units)
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or mass,
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To convert an SI equation to an N1 equation, it’s as easy as setting ℏ = 1.  But to check, Schrodinger’s equation, for instance,
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so yeah, we could’ve gotten here by just setting ℏ = 1.  Now let’s consider going backwards.  Consider for instance, the exponential factor in the time-evolved wavefunction exp(-iEt/ℏ).  If we had followed our N1 prescription this would’ve come out to just: exp(-iEt).  So how would we know what this should look like in SI?  One way to work it out is like this:
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So we’d make the replacement:
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But probably a faster way to do it, is as follows.  Like we did in the last Gaussian units example, we could just say that our SI expression should look like (Et)ℏp.  And clearly the combination should be unitless, since we can’t have units in an exponent.  So we need:
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Therefore, we should have in the exponent,
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Natural Units 2

In QFT, when dealing with relativistic stuff, like boson or fermion fields, we often also set c = 1.  Then we have:
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in which case,
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Suppose we look at how F converts between SI and N2.  We’d need to determine the powers, p and q, of ℏ and c respectively which restore the desired SI units.  
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Let’s look at E.  This is:
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and charge density,
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Another option here is to make the fundamental unit M (and C), rather than L and C.  Then,
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in which case,
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Let’s consider transferring directly from N1 to N2.  Let’s consider the force.  We know:
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But directly, we’d have:
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Here’s an example.  In the QFT folder, when we study relativistic bosons, we use these units, and find the following result for their energy spectrum: Ek = √(k2 + m2) where k is wavevector, which in SI has units 1/L and m is mass.  And we want to know what this expression should look like in SI units.  Well, the most general,  unique, expression we can make, with units restored, is this:
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Using some imagination would expedite this process, but if we don’t, then at least we can say that we have a couple requirements.  First the two terms in the root must have the same units to be dimensionally consistent.  And second these units must be energy2.  So, we need ([ ] are implicitly in SI),
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So we have:
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which we recognize as the correct expression from Special Relativity.  

Natural Units 1 + Gaussian Units
When dealing with quantum mechanics (or QFT) and electromagnetism, a common choice is to set:  ℏ = 1, μ0 = 4π, ε0 = 1/4π (this would also make c → 1).  We’ll see this choice in the QM folder, and a lot in the Cond Matt folder.  I guess I’ll call this Natural Gaussian units.  So let M be the fundamental unit.  Then,
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and so,
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Here’s an example.  So in the Condensed Matter/Electrons/Electric Susceptibility file, I calculated the screened electric potential to be:
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And I wanted to know what qTF worked out to in MKS units.  So I said that the exponent in φ(r), once converted, would look something like:
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and it must work out unitless in SI (or any unit system).  And so we demand:
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So we need 2p = r, which makes things out to:
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Middle one requires q = p + ½, so,
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This requires p = -1/2, and so q = 0, and so r = -1.  So that exponent should be:
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Alternatively, we could’ve demanded that qTf have units of 1/L.  Here’s another one.  In the QFT folder, we make a calculation for the rate of spontaneous decay of a Hydrogen atom to its ground state, and find in these NG units:
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where α ≈ 1/137 is some pure number, and m is the electron mass.  And we want to convert this back to MKS (SI) units.  So again, we tack on the requisite powers 4πε0, µ0/4π, and ℏ that make the units work out.
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So we need:
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So blue equation says p = q.  Plugging this into red equation, we see r = -1.  Back into green equation means p = -1.  And therefore q = -1.  So our answer would be in MKS,
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As mc2 has SI units of energy, and h as SI units of Energy×Time, this clearly works out.  
Natural Units 1 + Lorentz Heaviside Units
Another option when dealing with EM fields in a Quantum Mechanical or Quantum Field Theory context is Natural units + Lorentz-Heaviside units, which sets µ0 = ε0 = ℏ = 1, or what’s equivalent, c = ε0 = ℏ = 1.  Guess I’ll call these Natural Lorentz-Heaviside units.  So original.  These are used some in the QFT folder when we quantize the the EM field.   I think this is the only time I use these units.  And we’ll let M be the fundamental unit.  Then,
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and so,
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Let’s look at the vector potential.  Then,
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And can presume true that SI equations convert to NLH equations just by setting those aforementioned constants to 1.  So for instance, electromagnetic energy density would be:
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Natural Units 1 + Boltzmann Units
Not wanting to be left behind, Statistical Mechanics has its own constant we will sometimes set to 1, namely the Boltzmann constant kB.  So if we’re doing thermo stuff and kB (often just called k) is absent, then we’ve probably set it to 1.  We often use this in conjunction with natural units where we set ℏ = 1 too.  And we may use Gaussian units (or Lorentz Heaviside units) to set additionally set 4πε0 (or ε0) and μ0/4π (or μ0) equal to 1.  I’ll not presume this here though.  So,
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and then,
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Converting back to SI works just as it did in the other cases.  So for instance, the Boltzman factor one sees in the partition function, e-βE = e-E/kT, would just be written 
e-E/T, in these units.  How would we know where to put the k (kB) if were wanted to convert back to SI?  Well we’d postulate that in SI it should look something like:

[image: image103.wmf]pq

B

E

k

T

h


And we know for instance that an exponent should be unitless, and so demand that:
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Therefore, we should have in the exponent,
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